In all existing intersection theorems conditions are given under which a c ertain subset o f a c o l l e ction of sets has a non-empty i n tersection. In t his paper conditions are formulated under which the intersection is a continuum of points satisfying some i n teresting topological properties. In this sense the intersection theorems considered i n this paper belong to a new class. The intersection theorems are formulated on the unit cube and it is shown that both the vector o f z e roes and the vector of ones l i e in the same component of the intersection. This is interesting for some s p e cic applications. The theorems give a generalization of the well-known lemmas of Knaster, Kuratowski, and Mazurkiewicz, of Sperner, of Shapley, and of Ichiischi. Moreover the results can be used to sharpen the usual formulation of the Sperner Lemma on the cube.
Introduction
In intersection theorems c onditions are given under which a c ertain subset of a collection of sets has a non-empty i n tersection. Well-known intersection theorems on the unit s i mplex are given in Knaster, Kuratowski, and Mazurkiewicz (1929) (KKM Lemma) , Sperner (1928) and Scarf (1967) (Sperner Lemma) , Shapley (1973) (KKMS Lemma) , Gale (1984) (Gale L e m m a), and Ichiischi (1988) (Ichiischi Lemma) . Intersection theorems c an be used to prove the existence of solutions to mathematical programming problems, economic e q uilibrium existence problems, and solutions to game theoretic problems. The KKM Lemma and the Sperner Lemma c an be used to prove B rouwer's x ed point theorem, and also to show the existence of an equilibrium in a n e xchange economy with or without production. Both the KKMS L e m m a and the Ichiishi Lemma are very useful when showing the non-emptiness of the core of a cooperative g a m e , s e e Shapley (1973) , Ichiishi (1988) , and Shapley and Vohra (1991) . In Gale ( 1 9 8 4 ) a n i n tersection theorem is used t o s h o w the existence of an equilibrium in an economy with indivisible c ommodities. In order to prove the existence of a N ash equilibrium in a non-cooperative g a m e i t is useful to formulate intersection theorems on the cube or even more general the simplotope, see for example van der Laan and Talman (1993) .
It is possible to generalize the above m e n tioned intersection theorems and to formulate intersection theorems on a polytope. I n for example I c hiishi and Idzik (1991) an intersection theorem on a polytope is derived which generalizes both the KKM Lemma and the Gale Lemma. In van der Laan, Talman, and Yang (1994) a general theorem on the polytope is stated. Most of the results stated above can be derived from this theorem. Moreover, this theorem makes it possible to formulate analogs of the KKM, Sperner, KKMS, and Ichiishi Lemma o n t h e p o l ytope.
In all t he intersection theorems stated above c onditions are given under which a c e rtain subset o f a c ollection of sets has a non-empty i n tersection. The sets in the collection form a c l osed covering of a simplex, a simplotope, or a polytope. In this paper i n tersection theorems are formulated wit h a c o n tinuum of intersection points. Hence these intersection theorems belong to a new class. Let I n denote the set o f i n tegers f1; : : : ; n g for some natural number n: Let Q n = fq 2 I R n j 0 q j 1; 8j 2 I n g denote the n-dimensional unit cube. Conditions are given on a collection of subsets covering the cube such that certain subsets of this collection have a n i n tersection consisting of a continuum of points. Moreover, the intersection has some i n teresting topological properties. It w i ll be shown that it h a s a c o m ponent, i.e., a m aximally connected subset, containing both the vertex being the vector of zeroes and the vertex b e i ng the vector of ones. Finally, the intersection theorems f o r m ulated i n t h i s paper generalize the KKM, Sperner, KKMS, and Ichiischi Lemma on the unit simplex and also lead to a strenghtening of the usual formulation of the Sperner Lemma on the cube. There is a close relationship between the intersection theorems of this paper and the equilibrium existence problem in economies w i th price rigidities a s i n troduced i n D r eze (1975) . The intersection theorems o f t h i s paper can be used to show the existence o f a c ontinuum of equilibria i n these economies.
In Section 2 some m athematical preliminaries are given. A correspondence satisfying the conditions of a total excess demand correspondence in an economy with price rigidities i s i n troduced and using Browder's xed point theorem some i n teresting properties o f this correspondence are derived. These results are used in Section 3 to formulate several intersection theorems on the cube, among which the analogs of the KKM Lemma and the Sperner Lemma. Conditions are given under w h i c h a c e rtain subset of a collection of subsets covering the cube has a non-empty i n tersection, containing, among other points, the vector of zeroes and the vect o r o f o n e s. Moreover, the vector of zeroes and the vector of ones lie in the same c omponent of the intersection. Using one of the intersection theorems of Section 3 it i s possible to strengthen the usual formulation of the Sperner Lemma o n the cube. In S e ction 3 also intersection theorems with a continuum of intersection points generalizing the KKMS Lemma and the Ichiischi Lemma are given. The proofs of all intersection theorems o f S e ctions 3 are derived from the correspondence introduced i n S e c tion 2. Therefore this correspondence u n i es these intersection theorems. In Section 4 attention is focused on some w ell-known intersection theorems on the unit simplex, where the existence of a non-empty i n tersection (in general not a continuum of point s ) o f a c e rtain subset of a collection of sets covering the simplex is guaranteed. Both the Sperner Lemma and the KKM Lemma, which are in some sense each others dual, will b e d e rived from an intersection theorem of Section 3. It is also possible to derive the KKMS Lemma and its dual, the Ichiischi Lemma, from another intersection theorem given in Section 3.
Some Preliminaries
In the following 0 n will denote an n-dimensional vector containing only zeroes and 1 n an n-dimensional vect o r o f o n e s. The closure of a subset S of some topological space will be denoted by c l ( S ). The convex h ull of a subset S of some Euclidean space will be denoted by co(S). For the remainder of the paper i t w i ll be useful to consider a correspondence : Q n ! I R n satisfying the following assumption.
Assumption A The correspondence : Q n ! I R n satises:
2. 8q 2 Q n ; 9z 2 (q) such that for every j 2 I n ; q j = 0 i m plies z j 0; and q j = 1 i m p l i e s z j 0 ; 3 . 8 q 2 Q n ; 8 z 2 ( q ) ; 9 p 2 I R n ++ such that p 1 z = 0 :
A s s u m ption A.1 guarantees that the correspondence is upper semi-continuous. Assumption A.2 species a boundary condition for and Assumption A.3 is equivalent to the condition that if z 2 (q) for some q 2 Q n ; then z j > 0 for any j 2 I n implies z k < 0 for some k 2 I n ; and z j < 0 f o r a n y j 2 I n implies z k > 0 for some k 2 I n : If n = 1 ; a correspondence satisfying Assumption A necessarily equals the correspondence associating with every element i n Q 1 the set f0g: A p i cture of a correspondence : Q 2 ! I R 2 satisfying Assumption A is drawn in F i gure 1. In Figure 1 only the z 1 -axis has been drawn, which Figure 1 consis t s o f o n e e l ement, except when q 1 = 1 o r q 2 = 0 : N otice that the set of z ero points of is given by fq 2 Q 2 j q 1 = 1 o r q 2 = 0 g : M odels of economies with price rigidities a s i n troduced in D r e ze (1975) yield excess demand correspondences satisfying Assumption A as is shown in Herings (1992) . In Theorem 2.7 interesting properties of the set of zero points of a correspondence satisfying Assumption A are given. Since the intersection theorems developed i n the next section are all proved using Theorem 2.7 this shows that there is a close relationship b e t w e en the equilibrium existence problem i n e conomies with price rigidities and the class of intersection theorems to be considered in this paper. In fact, it i s possible to show t he existence of a continuum of equilibria in e c onomies with price rigidities using the intersection theorems of this paper.
The following denitions, which c an be found in for instance Armstrong (1983) , will b e useful later on.
Denition 2.1 (Connectedness) A topological s p ace X is connected if it is not the union of two non-empty disjoint, closed sets.
A subset of a topological space is connected if it becomes a connected space when given the induced topology. I n tuitively, a connected set is a set which is of one piece. In order to show T h e orem 2 . 7 some preliminary work should be done rst. It will be useful in the proof of Theorem 2.7 to extend a correspondence satisfying Assumption A such that it is dened on I R T h e o r e m 2 . 7 w i l l b e proved a s a n a p p l ication of Lemma 2.6. Let Z be a compact, convex s e t c ontaining [ q2Q n (q): Dene the set R = fr 2 I R n j P n j=1 r j = 0 ; r j 0 1 ; 8 j 2 I n g : Clearly, the set R is non-empty, compact, and convex. Dene the correspondence : Z ! R by (z) = fr 2 R j r 1 z r 1 z; 8r2Rg; 8z2Z:
Using the maximum theorem, see for example Hildenbrand (1974, p. 30) , it follows immediately that the correspondence is upper semi-continuous. Dene the correspondence : R 2 [1 0 n; 2] ! Z by (r; t ) = ( r + t 1 n ) ; 8 ( r ; t )2R2 [ 10 n; 2]:
Then is upper semi-continuous because of the upper semi-continuity o f and the continuity of the function assigning r + t1 n to (r;t )2R2[1 0 n; 2]: Dene the correspondence 9 : Z 2 R 2 [1 0 n; 2] ! Z 2R by 9(z;r;t ) = ( r ; t )2 ( z ) ;8 ( z;r; t )2Z2 R 2[ 10 n; 2]: Then, obviously, 9 i s upper semi-continuous and non-empty v alued. The set Z 2R is nonempty, c o m pact, and convex. Clearly the set (r; t ) i s convex for every ( r ; t )2R 2 [ 1 0 n; 2]:
Using the convexity o f R and the linearity i n r of r 1 z it follows that the set (z) i s c onvex for every z 2 Z: Using a straightforward generalization of Lemma 2.6 it follows that there exists a component F c 9 of the set F 9 = f(z;r; t )2Z2R2[ 10 n;2] j (z;r) 2 9(z;r; t ) g s u c ht h at Q.E.D.
Theorem 2.7 will turn out to be a very useful tool for proving a numb e r o f i n tersection theorems i n the next section. Since Theorem 2.7 is used i n the proof of all these intersection theorems, Theorem 2.7 can be seen as a unifying theorem. In the following, for q 2 Q n , I 0 (q) = f j 2 I n j q j = 0 g ; I 1 ( q ) = f j 2 I n j q j = 1 g ; s 0 ( q ) denotes the number o f e l ements in the set I 0 (q), s 1 (q) d e notes the numb e r o f e l e m ents in the set I 1 (q); and s(q) = s 0 ( q ) + s 1 ( q ) : The j-th unit vector in I R n will be denoted by e j :
In Theorem 3.1 i t w i ll be assumed that if an index j 2 I n is taken, then j + 1 = 1 i f j = n; and j 0 1 = n if j = 1 : Q.E.D.
In Figure 2 , Theorem 3.1 is illustrated for the case n = 2 : The set C 1 \ C 2 consists of four components, and one of them c ontains both the points (0; 0) and (1;1): It should be mentioned that Figure 2 illustrates a rather nice case in the sense that the sets C 1 and C 2 have a fairly easy structure. Besides the boundary condition and the requirement that these two sets cover Q 2 ; the only requirement m ade is that the sets C 1 and C 2 are closed. Hence in general much m ore complicated situations might a r i se. The above remark is true for all illustrations in the sequel. I n S e ction 4 it will be shown that Theorem 3.1 immediately leads to the well-known Sperner L e m m a, see Sperner (1928) , Fan (1968) , and Scarf (1967 Scarf ( , 1973 . Q.E.D.
For the case n = 2 Theorems 3 . 1 and 3.2 are equivalent. For the case n 3 T h e orem 3.2 is clearly more general. Therefore it is also possible to derive the Sperner L e m m a directly from Theorem 3.2. By symmetry considerations the following dual theorem f o l lows as a corollary to Theorem 3.2. q j = 1 implies q 2 C j ; and q j = 0 but q 6 = 0 n implies q 2 C k for some k 2 I n n I 0 (q): Then there exists a connected s e t S such that 0 n ; 1 n 2 S and S \ n j = 1 C j :
It will be shown in Section 4 that the well-known KKM Lemma of Knaster, Kuratowski, and Mazurkiewicz (1929) follows almost immediately from Theorem 3.3. Since Theorems 3.2 and 3.3 are completely symmetric i t should b e c lear that the KKM L e m m a c an also be easily derived from Theorem 3.2. Similarly, the Sperner Lemma c an be derived from Theorem 3.3. So far intersection theorems h a v e b e e n considered where a statement i s m ade about the intersection of all the sets covering Q n : In for example the KKMS L e m m a or the Ichiishi Lemma (see Shapley (1973) and Ichiishi (1988) , respectively) a statement i s m ade about the intersection of sets in c e rtain subsets of the collection of sets covering Q n : Theorem 3.4 is also an intersection theorem in this spirit. Moreover, unlike Theorems 3 . 1-3.3 it i s completely symmetric w i th respect to the assumptions made on the sets in the cover o f Q.E.D. Figure 4 for the case n = 2 : I t i s easily veried that the set Clearly, S can be chosen such that it i s a c losed set. Dene J 0 (q) a n d J 1 ( q ) a s i n the proof of Theorem 3.4 and let j 0 (q) a n d j 1 ( q ) denote the numb e r o f e l ements in these sets, respectively. Theorem 3.5 strengthens the usual formulation of the analog of the Sperner Lemma o n t h e cube (see Freund (1986) and van der Laan, Talman, and Yang (1994) ), which i s g i v en in Corollary 3.6. Denition 3.7 is slightly more general than the usual denition of balancedness since the empty set is not excluded as an element of a balanced collection of sets. If only nonempty subsets of I n are considered, then Denition 3.7 r e duces to the usual denition of balancedness. In Sectio n 4 i t w i ll be shown that the next theorem generalizes the KKMS Lemma and the Ishiishi Lemma. Moreover, for every q 2 Q n with ; 6 = I 0 ( q ) 6 = I n ; q 2 C T f o r a set T 2 T n s a tisfying I 0 (q) T ;and for every q 2 Q n with ; 6 = I 1 ( q ) 6 = I n ; q 2 C T f o r a set T 2 T n s a tisfying I 1 (q) I n n T: Then there exists a connected s e t S such that 0 n ; 1 n 2 S and for every q 3 2 S there is a balanced c ollection fT 1 ; : : : ; T m g of sets in T n such that q 3 2 \ Using Lemma 2 . 4 and the closedness of the sets C T ; 8T 2 T n ; it follows that is upper semi-continuous. Clearly (q) is non-empty and convex for every q 2 Q n ; and [ q2Q n (q) i s bounded, so Assumption A.1 is satised by :A ssumption A.3 is trivially satised by : Consider the point q = 0 n : Due to the boundary condition it holds for every j 2 I n and for every " 2 ( Consider a point q 2 Q n n f 0 n ; 1 n g with I 0 (q) [ I 1 (q) 6 = ;: Let T 0 2 T n be a set satisfying I 0 (q) T 0 and q 2 C T 0 ; and let T 1 2 T n be a set satisfying I 1 (q) I n nT 1 and q 2 C Q.E.D.
Theorem 3.4 i s i llustrated in
Since the boundary condition in T h e orem 3.8 is not specied for q = 0 n and q = 1 n ; i t is possible that C ; = ; or C I n = ;: It should b e n o t i ced that the boundary condition specied i n Theorem 3.8 i s w eaker than the condition that for every q 2 Q n n f 0 n ; 1 n g with ; 6 = I 0 ( q ) [ I 1 ( q ) ; q 2 C T for a set T 2 T n satisfying I 0 (q) T and I 1 (q) I n n T :
Theorem 3.8 is i llustrated i n F i gure 5. In the illustration n equals 2: In this low-dimensional case the only dierence with Theorem 3.1 or Theorem 3.2 is the possibility of non-empty sets C ; or C f1;2g : In the case n = 2 the minimal balanced c ollections of sets are given by fC ; g; fC f1;2g g; and fC f1g ; C f 2 g g : It is easily veried that in F igure 5 the union over all balanced collections of sets B of the intersection of the sets in B consists of three components, with one component containing both the points 0 n and 1 n : In case n 3 the situation may b e m uch m ore complicated than in Theorems 3 . 1 and 3.2. By symmetry considerations Theorem 3.9 follows immediately as a corollary to Theorem 3.8. It will be shown in the next section that using Theorem 3.9 it is easy to d e rive the KKMS Lemma. Moreover, for every q 2 Q n with ; 6 = I 0 (q) 6 = I n ; q 2 C T for a set T 2 T n s a t i s fying I 0 (q) I n n T ; and for every q 2 Q n with ; 6 = I 1 ( q ) 6 = I n ; q 2 C T for a set T 2 T n s a t i s f y i n g I 1 ( q ) T : T h e n there e x i s t s a c onnected set S such that 0 P n j=1 p j = 1g; will be shown to follow as corollaries to the theorems o f S e c tion 3. Theorem 3.1 leads to the Sperner Lemma. This Lemma i s illustrated for the case n = 3 i n F igure 6. In F igure 6 there is e xactly one intersection Theorem 4.1 i t i s again assumed t h a t i f a n i ndex j 2 I n is taken, then j + 1 = 1 i f j = n; and j 0 1 = n if j = 1 :
T Q.E.D. Q.E.D.
In Theorem 4.3 the Ichiishi lemma (see I c hiishi (1988)) is derived from Theorem 3.8. The Ichiishi lemma is illustrated in Figure 8 . In Figure 8 there is exactly one point for which there is a balanced collection of sets in the cover having an intersection containing this point. In the illustration this balanced collection is not uniquely determined. Both the b alanced collections ff1; 2g; f3gg and ff1;3g; f2gg have a non-empty i n tersection consisting of the same point. Notice that in Figure 8 we h a v e C f 1 g = ; and C f1;2;3g = ;: Denote the collection of all non-empty subsets of I n by T 3 n ; so T 3 n = T n n f;g: Theorem 3.9 can be used to derive the Ichiishi Lemma. Similarly the KKMS L e m m a can easily be derived from both Theorem 3.8 and Theorem 3.9. In Theorem 4.4 the derivation using Theorem 3.9 will b e s h o wn. Theorem 4.4 i s i l lustrated in Figure 9 for the case n = 3 : In the illustration the unique intersection point is given by the intersection of the sets in Figure 9 : Illustration of KKMS Lemma, case n = 3 : the balanced collection ff1; 2g; f1; 3g;f2; 3gg: 
